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Motivation

Have an information-based description of

quantum correlations (Q).

m Take a larger set than Q: the non-signalling correlations (NS).
m Consider an information-based principle: Communication Complexity (CC).

m Prove that post-quantum correlations (NS\ Q) violate this principle.

Open Question

What are all non-signalling correlations that
violate the principle of CC?
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Background



1. BACKGROUND

oeo

1.1. CHSH Game & Nonlocal Boxes
- - o Deterministic Strategies.

~> max P(win) = 75%.

o Classical Strategies (£).
~» max P(win) = 75%.

B
m a b s ¢ Quantum Strategles (Q).

~~ max P(win) = cos? (§) ~ 85%.

v Y e Non-signalling Strategies (NS).
\ ( ~ max P(win) = 100%.
I NonLocal Box I

a (j \)b’

Win at CHSH <— a@b=xy.
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1. BACKGROUND

ooe

1.2. Collapse of Communication Complexity

£:40,13" % {0,1}" — {0, 1}

f f Def. A function f is said to be trivial (in the sense
of communication complexity) if Alice knows any
value f(X,Y) with only one bit transmitted from

Bob to Alice.

X e {0,1}" Y €{0,1}"

Ex. For n=2, X = (x1,x), Y = (y1, y2):
of = x1Dy1 Dx2®yr B 1is trivial.

o g = (x1x2) @ (y1y2) is trivial.

o h = (x1y1) ® (x2y2) is NOT trivial.

o
[o2]
=]
o

-

I Nonlocal box I

< S

Vemmcccccccccc oo o ooooooo

Only one bit b

Def. A box P is said to be collapsing (or trivial)
if using copies of this box P any Boolean function
f is trivial, with probability > q > % for some q
independent of n, f, X, Y.

——eee>
<

Necacacaaaoe

Ex. e The famous PR box is collapsing.

] e Local (£) and quantum (Q) boxes are NOT col-
Win <= a = f(X,Y). lapsing.
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Graph Isomorphism Game



2. GRAPH ISOMORPHISM GAME
(o] 1o}

2.1. Definition of the Graph Isomorphism Game

Alice and Bob receive a vertex from a graph G:

; M We can use a perfect
A .
lice <—— Yob strategy for this game to

generate a PR box.

and they answer a vertex from a graph H: Proof. Let x,y € {0,1}. We want to gener-

ﬂ / ate a,b € {0,1} such that a® b = x .

lice ;Hf—%ob
ZL B ifx=0 gr &8 ify=0
fx=1—" T~—ify=1

They win the game if and only if:
® g2 =g8g = ha= hg;

fhaeH if hgEH
.gANgB:>hANhB; take a O‘<]—L{A }I—B;tkeb—o
f ha f hg €H.
® g gs = hat hg ke a1 A P ke b= 1
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2. GRAPH ISOMORPHISM GAME
(o1 }

2.2. Application of Graph Isomorphism to CC

Let G and H be two graphs such that diam(G) > 2, and that H admits exactly two
connected components H; and H;, which are both complete. Then any perfect strategy
S for the graph isomorphism game G =25 H collapses communication complexity.

N N

X y
! 1 .
= Ay By
aifx=1 g ifx=0 ggify=1
a b Go a=i—1st. ha€H; b=j—1st hgeH;

(Other results are available in the manuscript.)
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Graph Coloring Game



3. GRAPH COLORING GAME
0®0

3.1. Definition of the Graph Coloring Game

Alice and Bob receive a vertex from a graph G:

g8 A perfect strategy for the
lice &@-» Yob P . &Y

2-coloring game of 3
enables to generate a PR box.

and they answer a color of their choice:
Proof. Let x,y € {0,1}. We want to gener-

_M—» ate a,b € {0,1} such that a® b = x .
lice f Yob .
B BA B
fx=1—" 7y \ify—l
if x=0 \ / if y=0
They win the game if and only if: if hy blue ¢ \ i b blue
_ ha = hg: take a =0 \ ake b=1
® 84 =8B = Na= hg; if hapink ¢ \ ifhs pink
.gANgB:>hA7éhB_ take a =1 \ f take b =10
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3. GRAPH COLORING GAME
(o1 }

3.2. Application of Graph Coloring to CC

Let G and H be such that diam(G) > 2, and that H admits exactly N connected com-
ponents Hj, ..., Hy, all being complete. Then, given any strategy S winning the graph
isomorphism game G =,. H with probability p, combined with an AS-strategy winning
the 2-coloring game of ICn with probability q such that pg > %6 ~ 0.91, there is a
collapse of communication complexity.

(Other results are available in the manuscript.)
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Vertex Distance Game



4. VERTEX DISTANCE GAME
0®000000

4.1. Definition of the Vertex Distance Game

Alice and Bob receive a vertex from a graph G:  If they win for all ga, gg, we denote G =P .

e M o= g b2y o g Py o g D0y
Alice «<—— Yob
Interesting Cases

®m D=0: Graph Bisynchronous Game.

J/—’ m D=1: Graph Isomorphism Game.
lice ;}{f— Jhob m D=diam(#):
hg
if d(ga, g8)

d(ha, hs) = { (84:88) giam(m),

00 otherwise.

and they answer a vertex from a graph H:

They win the game if and only if:

J

d(ha, hg) — | d(en-g8) if d(ga g6)<D, \
A TE >D otherwise . ;
Rmk: If G =% H, then |V(G)| = |V(H)|.
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4. VERTEX DISTANCE GAME

[e]e] le]e]e]e]e)

4.2. Classical and Quantum Strategies

Perfect classical (resp. quantum) strategies for
the graph isomorphism game (D = 1) and for the vertex distance game (D > 2) coincide:

Theorem (Classical Strategies) Theorem (Quantum Strategies)

Let D > 1. The following are equivalent: Let D > 1. The following are equivalent:
s G=PH n Gl

G =2H. mG =, H.

m 3 perm. matrix P s.t. AgP=PAy,. m 3 quantum permutation matrix P s.t.
m VK, # Hom(K,G) = # Hom(K, H). AgP = PAy,.

= VK, # Hom(G, K) = # Hom(H, K). m VK planar, #Hom(K G) =#Hom(K H).
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1. VERTEX DISTANCE GAME
[e]e]e] Yolelele]

4.3. Non-Signalling Strategies

Def. G Z=f.c H <= 3P bistochastic Def. G =P 7 <= 3P bistochastic s.t.
sit. AgP = PAy, where Ag is the adja- A(gt)P = PA(}? for all t < D, where A(g) is
cency matrix, with coefficient 1 for adja-  the matrix with coefficient 1 for vertices at
cent vertices, and coefficient 0 otherwise.  {istance t. and coefficient 0 otherwise.

Theorem (Non-Signalling Strategies)

Theorem (Atserias et.al. [2],

Ramana et.al. [3])

The following are equivalent: Let D > 0. The following are equivalent:
' ND
| g gns/}-l. g I'ISH
L g gfracH- u g _frac
m (G,#) admits a common equitable ] (g,’H) admits a D-common equitable
partition. partition.
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4. VERTEX DISTANCE

O000@000

4.4. Strict Implications

As opposed to classical and quantum strategies, perfect NS strategies do not coincide between
the isomorphism game (D = 1) and the distance game (D > 2), and more generally:

Copi1
~D O i
~ns

C
2(2D+1) D1
ns
Cant1

£ca . By def. By def. By def.
gon | T oz | o= | ozt | T Nozzrn| T | oson | T | oz

7= VD € N o= 7 F | =1

[2] Thm Thm Thm

GI=27Y G=Dn
VD €N VDeN
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1. VERTEX DISTANCE GAME
00000000

4.5. Application of Vertex Distance to CC

If diam(G) > diam(H) > D > 1 and if H admits exactly two connected components, then
any perfect NS-strategy for the D-distance game collapses communication complexity.

J

L

If diam(G) > diam(#) > D > 1 and if H admits exactly N connected components,
then any N/S-strategy winning the D-distance game with probability p, combined with an
NS-strategy winning the 2-coloring game of Ky with probability q, such that pq < 3+‘[

collapses communication complexity.

\

r

(Other results are available in the manuscript.)
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Our Other Related Results

B.—Broadbent—Chhaibi—Nechita—Pellegrini,
Quantum 8, 1402 (2024) [5] We study
wirings between nonlocal boxes and use
them to find boxes that collapse CC:

B.—Broadbent—Proulx, PRL:132 (7 2024) [4].
We find that boxes above a certain ellipse
collapse CC, using bias amplification by ma-
jority function:

@ ®az ySb &b TAa Say b @by

a=a1®a b=b @b
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